In this paper, we present a Reinforced Concrete model including bonding coupled to a classical continuum damage model of concrete. We seek to verify the model capacity of predicting numerically the crack pattern distribution in a reinforced concrete structure, subjected to traction forces.
INTRODUCTION
Concrete and steel are two materials whose behaviors are quite complex and very different in traction (weakness of concrete) and in compression (weakness of slender steel elements). The fact that they can combine within the reinforced concrete to eliminate jointly the weakness of each component has long been recognized and widely used in civil engineering constructions.
However, it is only a more recent design requirement to provide not only the guaranties on structural integrity but also structural durability related to given crack patterns, which imposes a fresh start in modeling of reinforced concrete. Therefore, the RC models assuming concrete and steel are perfectly attached one to another without considering how the real transfer of forces between them is and how they affect the performance of the whole structure are often no longer acceptable. In structures of reinforced concrete, bonding is a crucial phenomenon of local interaction between steel rebar and concrete, whose complexity depends not only on material characteristics and specific geometry of surfaces in contact but also on loading conditions as well as the structural configuration of the global problem. There are considerable difficulties to identify locally the parameters controlling the phenomena as well as the problematic of modeling the interface to be integrated in a structural analysis problem where description of steel bar bonding is supposed to remain perfect. In reality, the highly heterogeneous geometry and/or material parameters variation of concrete render the development of a local bond model quite delicate.
In a typically reinforced concrete structure analysis, the finite element model is constructed with a mesh where truss, triangular and quadrilateral solids may be used. Each element deals with the specific behavior of a material (either concrete or steel), and a crude model of bonding is sometimes represented by spring connectors; the latter can not account for mesh sensibility on constitutive models, macro-crack effects and degradation of bonding.
In this work we explore an alternative finite element approach, which is developed recently in order to avoid localization problems produced by concrete cracking which is referred to as "strong discontinuity approach" (e.g. see [14] , [22] , [24] ). The key point of such an approach is to concentrate all the dissipation produced in a localization zone on a surface of discontinuity of the displacement field. The vast majority of works developed in this framework consider that the only source of dissipation in structures is due to the apparition and development of localization zones. This approach is convenient for the description of the rupture behavior of thin structures.
However, for massive structures, such considerations are not sufficient: bulk dissipation produced in so-called "process zones", which is due to the formation and development of micro-cracks preceding the formation of macro-cracks can not be neglected. Reinforced concrete structures are in general massive structures, therefore we propose here in a damage-like material model capable of combining two types of dissipative mechanisms:
-a diffuse volume dissipation due to the development in a quasi homogeneous way of micro-cracks. This diffuse mechanism is represented by a dissipative classical continuum damage model -a localized surface dissipation produced by the apparition and development of localization zones or macro-cracks in the case treated here of concrete damage material. This localized dissipative mechanism is taken into account by building an adequate discrete type model linking traction on the surface of discontinuity and the displacement jump. This model is constructed within the framework of interface thermodynamics.
The theoretical formulation of this kind of concrete model within the thermodynamics framework is presented in the foregoing, as well as the correspondent finite element formulation.
The same thermodynamics framework is used for development of the bond-slip model proposed herein. The model is capable of accounting for physical phenomena such cracking, frictional sliding and their coupling; the numerical implementation of the bond-slip model is provided within the framework of a zero thickness interface element, which can deal with plane strain and axisymmetric problems.
The outline of the paper is as follows. In the next section we present the details of the concrete model, both in terms of its theoretical formulation and its numerical implementation. The salient features of the bond-slip model are described in section 3. In section 4 we provide the results of numerical simulations, which illustrate the behavior of the proposed model in terms of crack prediction. Finally, closing remarks are stated in section 5.
DESCRIPTION OF THE STRONG DISCONTINUITY MODEL FOR CONCRETE

CRACKING
The main purpose of this paragraph is to present the theoretical formulation as well as the finite element implementation of the "strong discontinuity approach" to modeling the cracking of concrete.
The presented approach is capable of taking into account two types of dissipative mechanisms in order to better reproduce the behavior of massive structures: a bulk dissipation characterized by the development of micro-cracks, which is taken into account by the introduction of a continuum damage model, and a surface dissipation taking place at the level of the localization zones in terms of the macro-cracks, responsible for the rupture of the structure. Two mechanisms are then forced to operate in a coupled manner potentially in each element (e.g. see Ibrahimbegovic & Brancherie [10] ).
We first present the theoretical formulation for both: the bulk damage model and the discontinuity damage model, as well as their modifications induced by the introduction of a displacement discontinuity. The key points of the finite element implementation are then presented with particular developments dedicated to the necessary modifications of the solution strategy (e.g. see Ibrahimbegovic et al. [8] or Ibrahimbegovic & Markovic [9] ) due to the introduction of a displacement discontinuity.
Theoretical Formulation: As mentioned previously, the key point of the method is the introduction of a surface of displacement discontinuity on which are concentrated all localized dissipative mechanisms due to the apparition and development of localization zones. We will develop here the modification induced by this displacement discontinuity and present more precisely how to build each model associated to each dissipative mechanism.
Kinematics of the displacement discontinuity: We consider here a domain split into two sub-Ω domains and by a surface of discontinuity, denoted as Figure 1 ).
The surface of discontinuity s Γ is characterized at each point by a normal vector denoted n and a tangential vector denoted m . The discontinuous displacement field can then be written as: with its boundary values defined according to:
It follows therefore that has the same boundary value as the total displacement field .
Such an expression for the displacement field gives a strain field written as:
The strain field appears then to be decomposed into a regular part and a singular part, the latter accompanying the Dirac-delta function Table 2 below we summarize the main ingredients of the construction of the model. The finite element interpolation is to chosen to take into account a displacement discontinuity, by considering the incompatible mode methods e.g. see Ibrahimbegovic & Wilson [11] .
More precisely, we choose the finite element interpolation according to:
( ) N x is the classical shape function associated to the considered triangular element, denotes ( ) d t the nodal displacement and is a discontinuous function of the type presented in Figure 2 . It is important to note that has the same nodal value as . With such an approximation, the finite element interpolation of the strain field can be written:
where with the matrix associated to the operator
The finite element interpolation of the virtual strain field can be constructed with the same scheme as: . It has to be noted that, as is a discontinuous function, the functions and can be decomposed into a regular and a singular part as:
Operator split solution procedure: With those interpolations for real and virtual strain fields using the incompatible mode, the discretized problem can be written as: 
The equilibrium of the structure is written as a system of two equations. The first one is the set of global equilibrium equations, which is classically written in the finite element method. The second one is a local equilibrium equation written in each localized element. Independently this equation can be interpreted as the weak form of the traction continuity condition along the surface of discontinuity. The consistent linearization of system (6) leads to the set of equilibrium equations, which can be written for time step n+1 and iteration ( i ): 
where: 
At that stage there are a couple of possibilities to solve the above set of equilibrium equations.
The first possibility consists in solving simultaneously at global level the two equations. The second possibility, which is chosen herein, consists in taking advantage of the fact that the second equation is written locally on each localized element. Then, this second equation is solved at the element level for a given value of the displacement field increment . This allows determining the value of the displacement jump increment
∆u . Then by static condensation at the element level, the system of equations in (7) is reduced to a single equation which takes the classical form in the finite element method as:
BOND-SLIP MODEL: CONSTITUTIVE EQUATIONS AND FINITE ELEMENT FORMULATION
The concept of "reinforced concrete" is only possible thanks to the existence of bonding, which is a transfer zone of forces and stresses between concrete and the steel bars submerged in it. The global bond-slip relationship is one way of measuring experimentally this phenomenon of interaction between surfaces, but is not enough to represent what happens locally in the vicinity of steel bars surface and the concrete in contact. In this section we develop the constitutive relations for bond slip capable of accounting for physical phenomena such as cracking and frictional sliding as well as for their coupling. To that end, we first present the thermodynamic framework and then the numerical implementation which fits within the framework of the finite element approximation which is finally presented in the last paragraph.
Thermodynamic Formulation: The constitutive relations which relate the stress tensor to the strain tensor should include: cracking for an excessive tangential stress The main ingredients of the proposed bond-slip model can be obtained by appealing to thermodynamics considerations (e.g. see Dominguez et al. [5] ) which leads to 
Thanks to the simplicity of damage surface expressed in the strain space, the evolution of the damage variable can be integrated explicitly to obtain
where are material parameters. The latter is a generalized version of the model
in Ragueneau et al. [18] , which is capable of accounting for large sliding in the final phase of pullout test. The evolution equations of the sliding strain component are integrated by an implicit scheme. Among different numerical integration schemes which may be used, Euler's backward scheme is implemented in the classical form of so-called "return mapping" algorithm (see Ortiz & Simo [17] ), which ensures the convergence for any step size.
Finite Element Implementation: We construct a zero thickness interface element from a degenerated version of standard quadrilateral element, capable to account for both tangential and normal stresses, calculated from corresponding normal and tangential strains, even for large displacements. The reference domain of a straight-edge quadrilateral element is defined by the locations of its four nodal points x e a , a = 1,…,4. Only two sets of coordinates among four nodes must be given, the other two nodes have the same coordinate, which defines a quadrilateral element with zero thickness (see Fig.3 ).
The "h pen " parameter: We follow the idea of interpenetration used by Ibrahimbegovic & Wilson [12] in a contact problem's resolution, in order to avoid the potential in stability drawbacks when dealing with contact forces. In other words, we assume that concrete in contact with steel surface has a zone of roughness which could be compressed or crushed, so it is possible to assume a small penetration between surfaces (see Fig. 4 ).
In order to maintain continuity between 2D continuum elements (for steel and concrete) and interface contact element, we introduce a geometrical parameter called "h pen ", which allows defining both normal and tangential strains for the interface element even in the interface of zero thickness. One can thus state that the "h pen " parameter has a physical value that corresponds to the maximal penetration corresponding to the thickness of compressed-pulverized concrete. From with u n and u t being the normal and tangential displacements of a point at the concrete surface with respect to the steel surface. Because the interface thickness is zero, no strains in other directions are considered for calculations. These strain components are further used to comport the corresponding stress components.
The parameter "h pen " also plays a crucial role in computing strain-displacement matrix and simplifying the computation of shape function derivatives. Namely for a typical four-node quadrilateral element, with the shape functions expressed as In seeking that B-matrix be constructed from derivatives of shape functions by using the nodal coordinates, we ought to correct the coordinates of two nodes being the same; to that end, we first compute x, ξ , y, η , x, η , y, ξ , by introducing the parameter "h pen " in the calculations as follows: 
We can then compute by standard transformation 
The internal force vector for the joint element is finally computed by using the classical Gaussian quadrature, with two integration points for tangential direction and only one for normal direction.
NUMERICAL EXAMPLES
In this section we present the results of numerical simulation of several standard traction tie tests, which are used in the study of cracking of structural members of reinforced concrete subjected to traction, where bonding has an important influence in resistance as well as in the crack pattern distribution. The latter are surrounded by concrete specimens, which are typically of cylindrical or prismatic shape: The steel bar -either smooth or with ribs -is placed in the center and subjected to traction force at both ends. This traction force is transferred from the steel bar to the concrete through the interface bond. Other than characterizing the bond, one of the most important goals for a test of this kind is to provide the crack pattern distribution in the concrete body, which accompanies a gradual force transition from steel to concrete.
When a reinforced concrete tie is submitted to increasing traction loads, depending of geometry as well as of material heterogeneity, a macro-crack will be created in the section where the maximal resistance to rupture is reached, unloading immediately the concrete around the crack.
Because of this discontinuity, normal stresses are redistributed along the bar, producing a new crack as soon as another section reaches again the maximal resistance to rupture, separated by a distance called "length of transference" (see Jaccoud [13] ). Following this process, different cracks can be created to stop only when the force is not able to damage concrete (see Fig. 5 ).
Crack spacing is determined by the maximal and minimal length of transference in the tie.
The effectiveness of introducing a bonding model in calculations of reinforced concrete structures was initially analyzed in our study by the simulation of long concrete tie (length of 150 cm); this tie was discretized with standard quadrilateral elements in an axisymmetric formulation:
one without interface elements, and the other with non-zero interface elements. The concrete is modeled with the Mazars local damage model [16] . Qualitatively, it is possible to verify in Fig. 6 , the advantage of modeling interface in reinforced concrete analysis: For a same imposed displacement (3 mm), a discretization without joint elements is not able to reproduce a realistic crack pattern distribution as good as a discretization with joint elements. If we compare the global response in both, the different jumps in force that should appear for each fracture in concrete are clearly visible in the case of the mesh with interface elements.
In the following section, we analyze this phenomenon by presenting, more particularly, the results for simulations of two series of tests: the "short tie"used in Clement's test [1] and the "long tie" studied in Daoud's test [4] .
All the simulations were carried out by the Finite Element code FEAP developed by Pr.
TAYLOR, Berkeley, California [23] .
Analytical study of Clement's tie
The experimental results on pull-out tests are obtained by Clement [1] on prismatic specimen with 10 x 10 x 68 cm, with a high resistance steel bar of diameter equal to10 mm placed in the middle. The standard strength concrete is used to construct each specimen, with compressive strength f c = 32 Mpa and tensile strength f t = 2.8 Mpa, measured at 28 days. The chosen cement content is 365 kg/m 3 ; water/cement ratio is 0.53, and the maximal size of aggregate was 10 mm.
Seven specimens were placed horizontally in a test bench with monotonic displacementcontrolled (deformation rate was 3.7x10 -5 mm/s). The test stopped as soon as the first macro crack appeared in the specimen, which was located between 21 and 31.5 cm from edge. The experimental results for the force applied at the moment of fracture and the corresponding displacement are given in Table 4 . 
Coupling of the bond element with Mazars damage model:
The simulations were carried out considering perfect adherence and the interface elements bonding the steel bar and the concrete tie. It was achieved by using quadrilateral elements in an axisymmetric formulation for all materials. In order to verify the effectiveness of the bonding model, different sizes of interface finite element were discretized; the different mesh characteristics as well as the material parameters used in these simulations are reported respectively in Tables 5 & 6 . and 204 elements) are given in Fig. 9 . We can note that the results in terms of limit load and imposed displacement at rupture are dependent on the mesh discretization which is typical of local softening models where strain localization plays an important role.
In our case, we can make two important remarks. First, modeling with different element size affects directly the crack pattern distribution in the tie, modifying the position of the macrocracks. Secondly, we have observed that the use of a refined mesh diminishes the advantages of modeling interface: the finer the mesh is the closer the results are to those obtained without bond elements, probably due to the higher influence of the concrete local model in the final response (see Fig. 10 ).
For these reasons, we decided to explore a new coupling between the bonding model and a damage model constructed in the framework of the strong discontinuity approach which has been designed in order to tackle mesh dependency for problems involving softening materials.
Coupling of the bond element with a strong discontinuity approach:
The Clement's tie has, also, been tested considering a model coupling the bonding model presented here above and a strong discontinuity model for concrete cracking. This strong discontinuity model has also been implemented in the Finite Element Code FEAP and modified to deal with axisymmetric problems.
The material parameters used for the simulation are reported in Table 7 . We can note that the simulation carried out with both approach predict quite the same crack pattern: a central crack and two symmetric cracks on each part, which is in good agreement with the experimental observations. The advantage of using a strong discontinuity approach for reproducing the behavior of the concrete is to provide information not only on the position and the spacing of crack but also on the opening of macro-cracks. That information is relevant for predicting the durability of reinforced concrete structures in their environment.
It has to be noticed that localization in material such heterogeneous as concrete is, in general, dependent on the heterogeneities of the material properties. In order to quantify the sensibility of the prediction of the limit load as well as the crack pattern, we have carried out the same simulation as previously but considering a non homogenous material. The limit stress f σ at which discontinuities are introduced has been turned into a random variable of mean value 2.3
MPa. Several computations have been carried out considering different deviations and a random set of material properties (here f σ ).
The results in terms of the load displacement curves and the cracks pattern are given respectively on Fig 15 and 16 . The analysis of these figures allows concluding that, as expected, the crack pattern is highly dependent on the heterogeneity of the material properties of the concrete. In all cases, the global response in terms of load displacement curve is quite similar. A first interpretation seems to indicate that the heterogeneous properties of such material as concrete do not affect the global response of the tie but as local importance in the determination of the position of the macro-cracks. This is in good agreement with experimental results for which the crack pattern is dependent on the specimen but the global response relies quite independent of the heterogeneous characteristic of the concrete.
Analytical study of Daoud's tie
Recently, similar tests with reinforced concrete ties have been done by A. Daoud [4] with specimens of 100 cm of length, and the crack pattern distribution was more interesting, because in each specimen no less than 4 macro-cracks were produced and they were perfectly observables (see Fig. 17 ). The minimal and maximal spacing of crack is provided in his work (see Table 8 ), so we decided to mesh the specimen in order to check the capacity of the bonding model to reproduce the crack pattern distribution. The geometrical and material properties were extracted from Daoud's thesis and the coupling between Mazars local model for damage in concrete and the steel-concrete bonding model was used again. However, the most important point in this new simulation was the introduction of the concrete heterogeneity in calculations, in order to check the effects in the global response. For this, we assigned a random variable for each concrete element which affects directly the limit of elastic strain used in the Mazars law, and thus, the internal traction resistance of concrete: different deviation of the limit of elastic strain (5, 10 and 20 %) were chosen to verify the concrete heterogeneity influence in the tie global response. Analysis of numerical results: As we mentioned, the introduction of concrete heterogeneity by implementing a random variable has affected immediately the crack pattern distribution in the tie (see fig. 18 ). In the case of typical discretizations where the concrete properties are considered homogeneous, spacing of cracks is very uniform, with some little variations in the edges of the bar. When a small variation of concrete resistance is introduced (deviation of 5%), the configuration of the crack pattern distribution is closer to reality: even if the exact location of macro-cracks remains undetermined, the maximal and minimal spacing of cracks, as well as the number of cracks for a same displacement, do not vary a lot. As long as the variation of concrete resistance increases, the minimal spacing becomes smaller, and the maximal spacing grows,
showing how heterogeneity can produce weaker zones in the concrete body. A comparison of experimental and numerical spacing of cracks is shown in Table 9 . 
CONCLUSIONS
Our works shows that the interface finite elements allow modeling of a fundamental characteristic of reinforced concrete with local interaction between steel bars and concrete. The latter is of crucial importance to evaluation of both the integrity and durability of a reinforced concrete structure, or in particular to a reliable prediction of crack spacing and opening.
Moreover, one of the most important contributions of our work is the capacity of predicting maximal and minimal spacing of macro-cracks, even if the exact location of cracks remains undetermined. Namely, by the introduction of the influence of concrete heterogeneities in numerical analysis, it is possible to show that even a small variation in concrete tensile fracture resistance can directly affect the configuration of the crack pattern distribution. However; the peak loading needed to introduce the cracking of concrete in a pull-out test is not as sensitive to the same statistical variation of concrete heterogeneities.
Another contribution of this work is to reiterate on the insufficiency of the local damage model of concrete to handle this class of problems; much in the same manner as for localization problem which accompany strain-softening behavior. Effectively, one needs even more a sufficiently 
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